In this study, a production planning problem in which a producer remanufactures returned products into serviceable products besides manufacturing serviceable products is considered. The main challenge in this planning problem is the uncertain demand for the serviceable products and the uncertain returns of the used products. The probability distributions of the uncertain demand and uncertain returns are not known. Only the means of uncertain parameters and maximum deviations from these means are known or can be estimated. The problem is to determine the quantity of serviceable products that are manufactured, the quantity of returned products that are remanufactured, and the quantity of returned products that are disposed over a multi-period planning horizon such that total cost composed of production, inventory and disposal costs is minimized. A new robust linear programming model that yields a feasible production-disposal policy regardless of the realization of demand and returns is proposed and compared with a robust linear programming model existing in the literature. The computational results reveal that the proposed model significantly outperforms the one existing in literature in terms of the actual cost savings.
INTRODUCTION
Remanufacturing, which can be defined as the activity of transforming returned products into serviceable (i.e., sellable) products, has recently become popular in several manufacturing industries due to concerns on sustainability, environmental protection, as well as cost saving opportunities in production. A number of successful companies from different industries (e.g., Dell, General Motors, Kodak, Xerox) adopted remanufacturing as a part of their usual production planning activity (Akçalı, Çetinkaya, 2011) . For example, BMW considered reuse of end-of-life cars, Kodak remanufactured one-off cameras, and Xerox recovered toner cartridges, besides their regular manufacturing activities (Wei et al., 2011) .
There is certainly a need for producers to jointly consider their manufacturing and remanufacturing activities in order to take full advantage of cost savings in production and to protect the environment by lowering the consumption of natural resources. Although there are many studies jointly considering manufacturing and remanufacturing activities, these studies assume either a fully deterministic setting (e.g., Helmrich et al., 2014; Li et al., 2014) in which the demand for the serviceable products and the quantities of returned products are known with certainty or a stochastic setting (e.g., Naeem et al., 2013; Shi et al., 2011) in which the probability distributions of the demand for the serviceable products and the quantities of returned products are known. For a recent review on the integrated manufacturing and remanufacturing planning with both deterministic and stochastic environments, refer to Akçalı and Çetinkaya (2011) . In real-life, demand and product returns are uncertain, and probability distributions of these two uncertain parameters are mostly not available (Wei et al., 2011) . Thus, there is a need to consider uncertain demand and product returns while deciding on the quantities to manufacture, the quantities to remanufacture from returned products and the quantities of returned products to dispose in each period (i.e., day, week or month). In this study, the production planning problem with remanufacturing under uncertain demand and returns is addressed using state-of-the-art linear programming (LP) models and robust optimization methodologies.
Robust optimization (RO) is a powerful tool for optimization problems with uncertain parameters where probability distributions of uncertain parameters are unknown. RO attempts to find the best solution that is (most likely) feasible regardless of the realization of uncertain parameters within their given uncertainty sets. Soyster (1973) , the first study on RO, proposed a conservative approach by taking the worst possible values of uncertain parameters. Ben-Tal and Nemirovski (1998 , 1999 , 2000 considered RO models for the general convex optimization problems under ellipsoidal uncertainty set. Bertsimas and Sim (2004) developed the budget of uncertainty RO approach for the linear optimization problems under interval uncertainty set. In this approach a limited number of the uncertain parameters, defined by the budget parameter, are allowed to deviate from their mean values simultaneously, and it is possible to ensure a high probability of feasibility for a constraint by selecting an appropriate budget. Bertsimas and Sim (2003) extended the budget of uncertainty RO approach to discrete optimization and network flow problems with uncertain objective function coefficients. Taking into account that the real values of uncertain parameters are revealed sequentially over time and some decisions can be postponed until observing these real values, Ben-Tal et al. (2004) proposed the adjustable robust counterpart (ARC) for multistage linear programs with uncertain parameters. In the ARC some variables, called adjustable variables, can be determined after observing the real value of some uncertain parameters whereas the rest of the variables, called nonadjustable variables, must be determined at the beginning. Because the ARC is mostly intractable, Ben-Tal et al. (2004) , proposed a tractable approximation of the ARC, called the affinely adjustable robust counterpart (AARC). In AARC, adjustable variables are redefined as affine functions of realized parameters. Bertsimas et al. (2010) , showed that the AARC yields the optimal solution under certain circumstances.
Robust inventory management and production planning problems under demand uncertainty, have been addressed by many researchers using the RO approaches (e.g., Ben-Tal et al., 2004; 2005; Bertsimas, Thiele 2006; Bienstock, Özbay, 2008; Ben-Tal et al., 2009; See, Sim 2010) . While there are numerous studies considering integrated manufacturing and remanufacturing planning under known demand and returns or under uncertain demand and returns with known probability distributions, to the best of our knowledge, the paper by Wei et al. (2011) is the only study considering this production planning problem under uncertain demand and returns with known supports (i.e., only means and maximum deviations from means are known). Wei et al. (2011) addressed this problem using the budget of uncertainty RO methodology. The main deficiency of the work by Wei et al. (2011) is that their model yields a static solution in that they make all the decisions at the beginning. However, the problem is a multi-period planning problem and uncertainty regarding demand and returns are realized sequentially (i.e., demand and returns in the first period are known after a period, demand and returns in the first two periods are known after the second period, and so on) as the time passes, and this information could be utilized for better planning.
In this paper, we consider the same production planning problem as Wei et al. (2011) . The problem is to determine the quantity of serviceable products that are manufactured, the quantity of returned products that are remanufactured into serviceable products, and the quantity of returned products that are disposed over a multi-period planning horizon such that total cost composed of production, inventory and disposal costs is minimized. We present the robust LP model of Wei et al. (2011) , show that their model has some flaws and correct their model. We propose a new robust LP model that makes use of the multi-stage nature of the problem. Specifically, we propose an affinely adjustable robust model that yields a production-disposal policy by defining manufacturing, remanufacturing and disposal variables in terms of realized demand and return values. We compare the corrected model of Wei et al., (2011) and our model on a computational study which reveals that our model yields significantly superior practical results than that of Wei et al. (2011) .
The rest of the paper is organized as follows. We give the problem description and formulation in Section 1. Section 2 presents the existing robust model, its derivation and the flaw it has. We propose a new robust model in Section 3. Section 4 presents computational results on test instances obtained by the existing and newly proposed models. Section 5 concludes the paper. Finally, we present the detailed derivation of the new robust model in Appendix.
PROBLEM DESCRIPTION AND FORMULATION
In the production planning problem considered in this paper, a producer faces dynamic stochastic demand for a serviceable product and dynamic stochastic returns of the used product in each period over a finite time horizon. The probability distributions of demand and returns are not known. Only the mean values and the maximum deviations from the mean values are known or can be estimated for demand and returns in each period. The producer can manufacture serviceable products and/or remanufacture serviceable products from the returned products in order to satisfy the demand it faces. There is no quality difference between the manufactured serviceable products and the remanufactured ones. When the producer (re)manufactures, a variable (re)manufacturing cost per unit (re)manufactured is incurred. The producer must decide on the quantity to manufacture and remanufacture at the beginning of each period t. Once the demand in period t has been observed, the inventory level of the serviceable product at the end of period t, which is equal to inventory level of the serviceable product at the end of period t-1 plus manufacturing and remanufacturing quantities in period t less realized demand in period t, is obtained. If the ending inventory level is positive (resp. negative), an inventory holding (resp. backlogging) cost per unit is incurred. The producer can remanufacture or dispose the returned products and must decide on the quantity to remanufacture and dispose at the beginning of each period t. A variable disposal cost per unit disposed is incurred when the producer disposes the returned products. Once the returns in period t has been observed, the inventory level of the returned products at the end of period t, which is equal to inventory level of the returned products at the end of period t-1 plus realized return in period t less remanufacturing and disposal quantities in period t, is obtained. If the ending inventory level of returned products is positive, an inventory holding cost per unit is incurred. Note that the ending inventory level of returned products cannot be negative. Without loss of generality, we assume that manufacturing, remanufacturing and disposal of products occur instantaneously. In the following, important parameters and decision variables that are used in the model are given. : Quantity of returned products that are disposed in period t.
Parameters:
Inventory holding or backlogging cost of serviceable products at the end of period t.
The problem can be formulated as follows:
where
The objective function (1) is the total of inventory, production and disposal costs. Constraints (2) and (3) keep track of the inventory cost associated with inventory carried at the end of period t or inventory backordered at the end of period t for any possible realization of demand. Note that ‫ܫ‬
is the inventory level of serviceable products at the end of period t. Constraints (4) ensure that the inventory level of the returned products is nonnegative at the end of period t. Constraints (5) are for nonnegativity of variables. Note that the model (1)- (5) is intractable because constraints (2)-(4) must hold for infinitely many possible values of uncertain demand and returns.
THE BUDGET OF UNCERTAINTY ROBUST MODEL
Using the budget of uncertainty RO methodology of Bertsimas and Sim (2003) , Wei et al. (2011) reformulated the uncertain model (1)- (5) into a tractable robust LP model. The robust LP model of Wei et al. (2011) makes all production-disposal decisions at time 0 and it ensures the feasibility of these decisions with a high probability for all possible realizations of uncertain demand and returns. To overcome overconservatiness while protecting against infeasibility, Wei et al. (2011) 
, respectively, as the maximum number of uncertain demand and uncertain return values that can simultaneously deviate from their mean values (i.e., ݀ ̅ ௧ and ‫̅ݎ‬ ௧ ) until the end of period t. We present the LP model derived by Wei et al., (2011) , referred to as BURM, in the following:
Note that the additional variables ‫ݍ‬ ௧ , ߦ ௧ , ‫ݓ‬ ௧ , ߝ ௧ , ߚ ் , and ߶ ௧் for 1 ≤ ݅ ≤ ‫ݐ‬ ≤ ܶ, and the additional constraints (10)- (12) are used when transforming the uncertain model (1) -(5) into a tractable model. Next we show that there are flaws in constraints (9) and (12) of the model given above. As shown by Bertsimas and Sim (2004) , it is possible to set Γ ௧ to a value in advance such that the probability of violating the feasibility of (4) is very low. Constraints (9) and (11) are derived from constraints (4) by ensuring the feasibility of (4) for all possible realizations of uncertain returns ‫ݎ‬ (1 ≤ ݅ ≤ ‫)ݐ‬ within their interval
uncertain return values can deviate from their mean values until the end of period t. Thus, we need to solve
which is equivalent to solving the following auxiliary LP model for each period t (1 ≤ ‫ݐ‬ ≤ ܶ):
Defining ‫ݓ‬ ௧ and ߝ ௧ as the dual variables associated with constraints (16) and (17), respectively, and using duality theory, we obtain the following dual model:
As a result, the first set of constraints of the above dual model is (11) and we obtain ‫ܫ‬
) ≥ 0 in place of (14). Noting that ܺ ௧ାଵ ோ term in the right-hand side of (9) should not exist, we can state the following constraints as the correct form of (9):
Using a similar auxiliary LP model and duality theory, one can easily obtain the correct form of constraints (12) as:
Note that the only difference between (12) and (12') is the direction of the inequality. It must be a '≥' sign according to the duality theory, as in (12'), because the dual variables of (12') are restricted to be nonnegative in the auxiliary LP model with a maximization objective (see model (18) in Wei et al. 2011) .
It is important to indicate these flaws because we observed the same flaws in another study in the literature. See Chunfa et al. (2011) who proposed a budget of uncertainty robust model to a similar problem with the same flaws in their model.
THE NEW ROBUST MODEL
We propose a new robust LP model based on defining manufacturing, remanufacturing, disposal and inventory variables as affine functions of realized demand and return values. All variables are adjustable variables, which are decided in each period based on the earlier periods' realized demand and returns. Note that at the beginning (resp. end) of a period t, we know demand and returns in periods 1, 2 …, t-1 (resp. 1, 2, …, t). Specifically, we propose
and ‫ܫ‬ ௧ ௌ to be replaced with the following terms to make the model adjustable to the uncertain demand and returns:
, ‫ܫ‬ ௧ ଵௌ , and ‫ܫ‬ ௧ ଶௌ are the decision variables.
and ‫ܫ‬ ௧ ௌ variables with the right-hand sides of (18)- (21), respectively, in the model (1)- (5), we obtain an uncertain model which should be reformulated as a tractable model. As shown by Ben-Tal et al. (2004) , the following inequality
where ܽ ௧ ∈ [ܽ ത ௧ − ܽ ො ௧ , ܽ ത ௧ + ܽ ො ௧ ] for 1 ≤ ‫ݐ‬ ≤ ܶ is an uncertain parameter and ߙ ௧ for 1 ≤ ‫ݐ‬ ≤ ܶ is an expression involving some decision variables, can equivalently be reformulated as
Using the above methodology, we transformed the uncertain model (1)-(5) into a tractable new robust LP model, which we refer to as the affinely adjustable robust model (AARM) and present in the following (see Appendix for details on the derivation of this model):
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where ܿ̃௧ Note that, unlike the model of Wei et al. (2011) , the proposed robust model will yield a production-disposal policy that adapts the productiondisposal quantities based on the realization of demand and returns. The production-disposal policy, which will be feasible regardless of the realization of demand and returns, is determined by the realized demand and returns, and by the values of the 
COMPUTATIONAL RESULTS
We have performed computational experiments on test instances in order to assess the average-case performance of solutions yielded by the BURM and AARM. The average-case performance of models is assessed by considering the average performance of the solution yielded by each model for an instance over a given number of simulations of realized demand and returns. All these models were solved by CPLEX 12.5 with its default settings, and all computational experiments have been performed on a Dell T7500 Precision Workstation running under Windows 7.
For the computational experiments, we have generated test instances using settings similar to those used by Wei et al. (2011) as follows. The length of the planning horizon is set to 20. The initial inventory levels of serviceable products and returned products are set to zero (i.e., ‫ܫ‬ and ܾ. The uncertain demand has a mean ݀ ̅ ௧ ∈ {18,20,22} and a standard deviation ߪ ∈ {2,4}. In our RO framework, the uncertain demand ݀ ௧ can take any value from the interval [݀ ̅ ௧ − 2ߪ, ݀ ̅ ௧ + 2ߪ], i.e., ݀ መ ௧ = 2ߪ. Similarly, the uncertain returns have a mean ‫̅ݎ‬ ௧ ∈ {14,16,18} and a standard deviation ߪ ∈ {2,4}. As a result, the uncertain return ‫ݎ‬ ௧ can take any value from the interval ‫̅ݎ[‬ ௧ − 2ߪ, ‫̅ݎ‬ ௧ + 2ߪ], i.e., ‫̂ݎ‬௧ = 2ߪ. Thus, combining all parameter settings we have generated 72 instances for the average-case performance assessment, in total. While the budgets of uncertainty Γ ௧ ௗ are generated such that the probability of infeasibility at constraints (2) and (3) for t is less than 5%, the budgets of uncertainty Γ ௧ are generated such that the probability of infeasibility at constraint (4) for t is less than 0.1%. The probability of infeasibility at constraint (4) for t is set to such a low number because infeasibility at constraints (4) indicates that an infeasible solution is obtained by solving BURM. On the other hand, the probability of infeasibility at constraints (2) and (3) for t is set to 5% because the probability of infeasibility at constraints (2) and (3) for t does not affect the feasibility of the solution obtained by solving BURM while that probability affects the cost of solution obtained. To estimate the average performance of solutions provided by the different models, we generate 100 simulations of realized demand and realized returns (see e.g. BenTal et al., 2004) for each instance. In particular, realized demand and returns are generated as uniformly distributed from the interval [݀ ̅ ௧ − 2ߪ, ݀ ̅ ௧ + 2ߪ] and ‫̅ݎ[‬ ௧ − 2ߪ, ‫̅ݎ‬ ௧ + 2ߪ], respectively.
We have compared the practical performances of BURM and AARM against realized demand and returns and reported the results in Table 1 where columns 1-5 show the unit backlogging cost of serviceable products, the standard deviation value of demand and returns, the mean demand and returns values, and the relative improvement brought by the AARM over BURM (Imp%), respectively. Columns 6 and 7 indicate the average objective function value and the standard deviation of the average objective function values, given by the optimal solution of the BURM against 100 simulations of realized demand and returns. Columns 8 and 9 are for the AARM and have the same meanings as 6 and 7. The key results of Table 1 are as follows:
• The AARM performs significantly better than the BURM on all test instances with an average improvement of 54.8%.
• As depicted by the columns 7 and 9, AARM yields much more stable results over different realizations of demand and returns than BURM does.
• As the uncertainty of demand and returns increases (i.e., when ߪ increases), the improvement brought by AARM over BURM increases as well.
• As the mean demand increases, the improvement brought by AARM over BURM decreases in general.
• The improvement brought by AARM over BURM decreases (resp. increases) when the mean return value increases from 14 to 16 (resp. from 16 to 18).
We have also provided a graphical display of Imp% values for different ܾ values in Figure 1 in order to see how Imp% values are affected by different parameters. First of all, it seems that the percentage improvement brought by AARM over BURM does not seem to be affected by the unit inventory backlogging cost. It is easy to observe that when the variability of uncertain demand and returns is larger (right-half of the figure), the percentage improvement brought by AARM over BURM is larger too. In order to understand why AARM performs much better than BURM, we have analyzed the average cost compositions yielded by both models. We present the average cost compositions over all instances in Table 2 , where IHC-S (resp. IBC-S) denotes the inventory holding (resp. backlogging) cost percentage for serviceable products, IHC-R the inventory holding cost percentage for the returned products, MC the variable manufacturing cost percentage, RC the variable remanufacturing cost percentage, and DC the variable disposal cost percentage. It is easy to observe from Table 2 that unlike AARM, the main cost item of BURM is by far the inventory holding cost for returned products, which is due to the requirement to ensure feasibility for the returned products inventory. On the other hand, the major cost items of AARM are variable manufacturing and remanufacturing costs. Next, we analyze the solutions generated by AARM and BURM. Figure  2 shows the average manufacturing, remanufacturing and disposal quantities that are obtained by AARM and BURM on instances with b = 3 (i.e., first 18 instances in Table 1 ). Because the results on instances with b = 4, 5, and 6 are quite similar to the results on instances with b = 3, we present only the results on instances with b = 3. In Figure 2 , Man-AARM, Rem-AARM, and Dis-AARM denote the average manufacturing, remanufacturing and disposal quantities yielded by AARM, respectively, while Man-BURM and Rem-BURM denote the average manufacturing and remanufacturing quantities generated by BURM, respectively. Note that as the average disposal quantities generated by BURM were always zero, they are not presented in Figure 2 . Key insights that are obtained regarding the average quantities yielded by AARM and BURM are as follows:
• In all instances, the total of average remanufacturing and disposal quantities generated by AARM was greater than that generated by BURM. This indicates that BURM is more conservative than AARM in ensuring feasibility of the returned products inventory which results in higher inventory holding costs of returned products for BURM (also shown by Table 2 ).
• For AARM, as the mean quantity of returned products increases, the average remanufacturing and disposal quantities increased whereas the average manufacturing quantities decreased. The same observation is valid for quantities obtained by BURM except that the disposal quantities yielded by BURM were always zero.
• As the mean demand increases, the average manufacturing and remanufacturing quantities increased for both AARM and BURM. Contrary to the zero disposal quantities yielded by BURM, the average disposal quantities yielded by AARM decreased as the mean demand increases.
• For AARM, as the uncertainty of demand and returns increases, the average manufacturing and disposal quantities increased whereas the average remanufacturing quantities decreased. We have the same comment for BURM except for the zero disposal quantities.
CONCLUSION
By developing a new robust LP model and a policy, this study contributes to the state of knowledge on how producers should simultaneously plan for their remanufacturing and regular manufacturing under demand and return uncertainty. It has been shown that the robust LP model existing in the literature has flaws, and then the flaws in the model have been corrected. It has empirically been shown that the new robust LP model yields superior policies and results for the production planning problem with remanufacturing under demand and returns uncertainty than the model existing in the literature does. Thus, the researchers and decision makers considering such problems are presented a powerful decision making tool.
where ܿ̃௧ ோ = ܿ ோ − ሺܶ − ‫ݐ‬ + 1)ℎ ோ and ܿ̃௧ = ܿ − ሺܶ − ‫ݐ‬ + 1)ℎ ோ .
Substituting the right-hand sides of (18)- (21) in place of ‫ܫ‬ ௧ ௌ , ܺ ௧ ெ , ܺ ௧ ோ and ܺ ௧ variables in (48), respectively, gives
Using the equivalences (i.e., changing the summation bounds)
for any Y, (49) can be rewritten as
Aggregating terms involving ݀ and ‫ݎ‬ in (50), one obtains
Note that the objective function (51) can be rewritten as ‫݊݅ܯ‬ {ܼ: ܼ ≥ ‫}ܣ‬ where A denotes (51). Using the methodology described in Section 3 to reformulate (22) as (23) and (24), one can equivalently reformulate (51) as
Note that (52)-(54) are equivalent to (25)- (27), respectively. Thus, ∑ ሺ݀ መ ௧ ் ௧ୀଵ
‫‬ ௧ ଵ + ‫‪̂௧‬ݎ‬ ௧ ଶ ) is the additional term due to the uncertainty in demand and returns in addition to the terms involving mean demand and returns in the objective function. 
